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Johnston of Union Carbide Corp., Bound Brook, N. J., for 
helpful discussions. 
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um chain flexibility and the T,,’s of copolymers is applicable to the se- 
quence distribution-dependent deviations from the simple bulk addi- 
tive behavior predicted by the Fox relation, and should not be con- 
strued as a means for predicting the absolute value of the glass transi- 
tion temperature. 
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ABSTRACT: The incompressibility of the bulk polymer is assumed in order to calculate the neutron diffraction 
pattern from labeled polymer chains in a matrix of unlabeled chains. The scattering law obtained is the Fourier 
transform of the pair correlation function of atoms along the labeled polymer chain. When the scattering vector q is 
small relative to the inverse monomer dimensions we find that the chain has a Gaussian configuration in the bulk 
polymer. In the range of higher values of q the diffraction pattern is associated with the short-range interactions 
(corresponding to the transfer matrix) which characterize the polymer studied. The neutron diffraction pattern is 
obtained from a computer experiment using hydrogenous n-alkanes in a matrix of deuterated n-alkanes in a q 
range between lo-* and 2.5 A-l. The results are discussed in order to obtain experimental evidence about the 
transfer matrix. 

In the discussion of the pair correlation function p ( r )  of 
atoms along the chain,’ three ranges of magnitude of r are 
usually considered. For large distance r - R where R2 = 
( R2)  is the mean-squared end-to-end distance, the analysis 
of p ( r )  is carried out in terms of the moments of r .  In the 
intermediate range 1 < r < R, where l 2  is the mean-squared 
length of a statistical element, p ( r )  has the characteristic 
dependence r-m, 1 I a 5 2. In the short correlation distance 
range r I 1, one expects to find patterns associated with the 
short-range interactions. There is, however, no analytical 
form for p ( r )  in this range. 

The ranges of r are naturally transposed into ranges of 
the momentum transfer q,  since the Fourier transform of 
p ( r )  is the scattering law S(q) for a single chain. 

The study of the first two ranges has shown a close rela- 
tionship between p ( r )  and the chain environment. This is 
particularly clear in the case of the molecular mass depen- 
dence of the second moment and in the case of the expo- 
nant a. Similarly, one may expect that the diffraction pat- 
terns for q 2 1-1 will reflect chain environment, although 
perhaps for different reasons. The main interest in the 
study of this range is, however, the detailed nature of the 
conformation. The analysis should give evidence of confor- 
mational differences among chemically different polymers. 
I t  should also reveal local modifications due to environ- 
ment, such as the partial alignment predicted in the amor- 
phous state. 

Conformation is an expression of enthalpy and confor- 
mational entropy. The latter is calculated from internal 
rotation potential barriers and nearest neighbor interac- 
tions. The result of the calculation is expressed in the form 
of a “transfer” matrix.2 Values of the matrix elements are 
determined by calorimetric measurements. They are con- 
sistent with the value of 1 measured by scattering experi- 
ment a t  q 5 1 - I .  The study of the range q 2 I-l will bring, 
however, a closed r,elationship between the observed con- 
formation and the transfer matrix. 

There are yet few experimental results in this momen- 
tum transfer range. If one considers chains dispersed in a 
solvent, the contrast between solvent and solute will be too 
small to be observed, as q increases away from the q-“ sing- 
ularity. The diffraction pattern will mostly reflect the sol- 
vent liquid state. Scattering by bulk material yields the 
polymer diffraction patterns. However, the pair correlation 
along the chain and the pair correlation between chains are 
not easily discernible from the intensity momentum trans- 
fer dependence. 

The possibility of labeling chains by deuteration3 and 
the use of high flux neutron sources has suggested experi- 
ments which give complementary information with respect 
to the unlabeled bulk material. These experiments have 
proven to be very successful in the first two momentum 
ranges4 ( q  I 1-l). We investigate here the condition for the 
observation of diffraction patterns of labeled chains in the 
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range q 1 1-'. A model of chain interaction which is an ex- 
pression for the incompressibility hypothesis will be used. 
The theoretical cross section has already1g3 been discussed 
in terms of incompressibility and will be derived here in 
section one. Next, a computer simulated calculation will 
give patterns for n-alkanes. We discuss experimental con- 
ditions giving the closed relation between the transfer ma- 
trix and chain configuration. 

I. Calculation of the Scattering Intensity 
(A) Scattering Cross Section of a Labeled Chain in 

the Bulk. (a) Contrast Factor. We call p&) the density 
of the Ith atom in the a t h  chain at the point r of a bulk 
polymer consisting of Np chains each containing N' atoms. 
In terms of the linear response function t h e ~ r y , ~  the scat- 
tering cross section S(q) can be written 

s(q) = k 6 T  @'lorXIcu(q)@'kB (1  ) 
I , ,  ?a3 
k , B  

where k~ is the Boltzmann constant, T the temperature, 
and % . l a  the scattering amplitude of the (1,a) atom. 
Xk@"(q) is the Fourier transform of the response function 
which is proportional to the fluctuation density correla- 
tions of the atoms ( l ,a )  and ( Iz ,p)  

k , T X l , ( r  - r') k+a(r)&6(r')) - ( & , ) b k J  (2) 
k6 

or in the Fourier space 

i w 1 , e - i qrkE) 
k B  T X i , x ( q )  = (e  

W3 

In the bulk polymer we consider that only the chain a = 
1 has one or more labeled atoms and we define 

a,, = A ,  for CY = 1 

e l ,  = B , ,  for CY > 1 

The separation of t.he labeled chain response from the 
others in the sums of eq 1 leads to 

For experimental reasons it is interesting to introduce 
the scattering cross section SB(q) of the sample without la- 
beled polymers 

Using relation 5 in e q 4  and adding to it the term 

2 ( A b  - B k ) X k l ( q ) B I  - 
k ,  I 

2 2 ( A k  - B k ) X k l ( q ) B ,  E (6) 
k ,  I 

which introduces the correlations between the labeled 
chain and that which it replaces. This is, of course, zero in 
S(q). We obtain 

(7) 

where c k  is given by 

If, from the N' atoms of the chain a = 1, only the N first 
are labeled, then 

C k  = 0 for N < k 5 N' 

C k  # 0 for 1 5 k  5 N 
(9 ) 

Equation 7 is a general relationship. I t  can be used, for in- 
stance, in the case of a liquid which contains a labeled mol- 
ecule. The term Sll(q) in ( 7 )  gives the response function of 
only the labeled atoms with a weight given by the contrast 
factor c k 2 .  The second term Sl2(q) is an interference term 
between the labeled atoms and all the atoms of the sample. 

(b) Determination of the Response Function. Recent- 
ly de Gennes5 has given a determination of the scattering 
cross section of a bulk polymer in which each chain has la- 
beled ends. We follow the same development assuming the 
incompressibility of the bulk; i .e. ,  we consider as in the 
Flory-Huggins theory6 that each atom of the polymeric 
bulk is on a site of a lattice and a site r is always occupied 
by only one atom. Then a t  r the atomic density is constant 
and we can write this condition 

N '  N 

1.1 ff=l 
x D p , , ( r )  = const 

The theory gives7 the density fluctuations resulting from 
small externally applied potential in terms of the linear re- 
sponse functions. In the Fourier space 

the response function Xkoia(q) may be deduced from 
xkpieo(q), the response function of an "ideal polymer." We 
define this ideal polymer as an isolated chain with only 
nearest neighbor sequential interactions. 

where 6 is a Dirac function. We assume, in a random phase 
approximation, that the interactions between an atom on a 
given chain and the atoms both of all the other chains and 
far away on the same chain (excluded volume effect) can be 
reduced to a mean internal potential V(q). Therefore we 
write the double equality 

( 6 P J , ( q ) )  = C x l ~ ( q ) [ U k 6 " ( q )  + ' (q ) ]  = 
k , B  k6 

cxl .(q)'k6"(q) (14) 
kB k6 

Now we have an expression for the internal potential 
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[sHH(q)sCC(q) - (sHC(q))21 = s"(s) - 
1 

u(q) = - C ~ I ~ ' ( q ) u k , e X ( q ) / C X m y o ( q )  (15) where 
k, n6 f(s) = 

R B  my n6 

0 9) 

isHH(@ + SHC(q)l2 (24) 
1 Then the insertion of (15) in the first equation (eq 14) 

using the assumption in (2) leads, by identifying with zero 
the coefficient of U k p l a ( q ) ,  to an expression of the atomic m 
response function 

Then the total scattering cross section can be written 
D-' (9) c c x I ,"(s)x mrO (q) (1 6 )  

rti my n6 kB 

We now have the general response function in terms of 
the response of an isolated chain without interactions. The 
results can be used in all scattering techniques. In the fol- 
lowing we give an application to the neutron scattering 
from a polymeric bulk containing deuterated polymers. 
This labeling method is very good, because the chemical 
properties of the labeled chains remain unaltered in an iso- 
tropic substitution. 

( c )  Application to Neutron Scattering. Here we con- 
sider only polymers made with N' - N carbon and N hy- 
drogen. The labeling consists in replacing the hydrogen 
atoms by deuterium atoms. In neutron scattering the co- 
herent lengths of these atoms8 are 

a, = +0.663 X cm 
aH = -0 .372 X cm 
a, = 1 0 . 6 7 0  X lomi2  cm 

so the change of an atom H by atom D is very important in 
this technique. 

I t  is convenient to write the scattering S,(q) of an "ideal 
polymer" (see eq 13), which has all its atoms with the same 
coherent length (here ac = UH = I), in the form 

SHH(q) and Scc(q) are the scattering cross sections of 
chains with aC = 0 and aH = 1 and with ac = 1 and aH = 0, 
respectively. SHC(q) is the interference term which can 
have a negative value. 

Using now the coherent lengths, we apply the relations in 
(7) and (17) to the calculation of S(q) of a deuterated poly- 
mer in a nondeuterated matrix (see Appendix I) and we 
find 

If the bulk contains N L  labeled chains without interac- 
tion between themselves the total scattering cross section 
becomes 

where c is the labeled chain concentration 

Experimentally it is often convenient to subtract the 
scattered intensity of the matrix from that of the matrix 
containing deuterated chains. The intensity so obtained is 
proportional to S M ( q ) .  

sM(q)  = s ( q )  - sB(q )  = C N D { ( %  - aH)2(1 - 

C)s"(q) + c(% - %)[% - + 2c"(% - 

ac)f(q)]} (28) 

(a) Discussion. The intensity scattered by a single chain 
in the bulk material is written in eq 25 as the sum of two 
contributions. We discuss the significance and the weight 
of these two terms. 

(1) The following relations 

S"(0) = N2 
SCC(0) = (N' - N)2 (29) 
SCH(0) = (N' - N)N 

and eq 24 imply that f ( q )  = 0 a t  q = 0. In fact f ( q )  will be 
different from zero only if the monomer form factor is dif- 
ferent from unity, i .e. ,  in a momentum transfer range 
where q is larger than the monomer inverse dimensions. We 
also notice from eq 24 that f ( q )  is strictly zero at  all q in the 
case of an ideal chain in which the monomer is reduced to a 
material point. Thus f ( q )  is a function associated with the 
monomer structure of the chain. 

(2) In the small angle scattering range q < P1, the scat- 
tered intensity in (25) is practically identical with the scat- 
tering law of an ideal chain. Thus the calculation indicates 
that, in the bulk state, the chain has the ideal random con- 
formationg 

2 N2 
rc2 SHH(q) = - (e-x - 1 + X )  X = q2(R2)/6 

(30) 

This result confirms the predictions derived by Flory6 from 
thermodynamic arguments by which the excluded volume 
effects are found to be insignificant because of the low en- 
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tropy of mixing chains. Scattering experiments from hy- 
drogenous PMMA in a deuterated PMMA matrixlo and 
from deuterated polystyrene in a hydrogenous polystyrene 
matrix4 and vice versall show indeed no deviations from 
the ideal random coil, in the range ql < 1. The real problem 
of the polymer chain in the bulk state is thus the evalua- 
tion of deviations from the ideal random coil in the higher 
momentum transfer range. 

(3) Equation 25 has two terms independent of N,, the 
total number of chains. The first term SHH(q) is propor- 
tional to the square of the contrast factor ( U D  - UH). The 
second term f ( q )  is a linear function of the contrast factor. 
Variation of the contrast factor was recognized by Kirste 
and Stuhrmann12 as a powerful tool to separate the “struc- 
tural” factor f ( q )  from the “shape” factor SHH(q) in poly- 
mer solutions. In the particular case of the experiment with 
bulk material the contrast factor can take two and only two 
values, namely U D  - OH and zero. 

2 KH s(q) = (a, - aH) s (4 )  + 2(a,  - +)(a, - 

+)J(q) + m,) (31) 

(4) The commutation of UH and U D  leaves S(q) un- 
changed only in the range of small angle scattering. In the 
larger momentum range q > l-l, the factor f ( q )  is weighted 
by ( U H  - ac) in the case of an hydrogenous matrix and by 
( U D  - ac) in the case of a deuterated matrix. We notice that 
U D  is practically equal to ac. 

(5) If the sample contains no labeled chains ( U H  = a ~ ) ,  eq 
25 reduces to (23). Then in the small momentum transfer 
range, the scattering law is zero. 

syq) = 0 qz < 1 (32) 

In a chain where the monomer is a single atom, the scat- 

If the sample consists of only one chain ( N p  = 1) the 
tering law is zero a t  any value of q. 

scattered intensity is proportional to the structure factor 

s(4) = (a, - ac)2f(q)  (33) 

(6) The incompressibility hypothesis yields a structure 
factor f ( q )  which is nonzero for ql > 1. This result raises the 
following problem. T o  what extent is the formulation of the 
incompressibility hypothesis (eq 11) valid for distances 
below the interatomic distance? 

(B) Method of Calculation. It was shown in the preced- 
ing section that the scattering cross section S(q) may be 
obtained using only the response So(q) of an isolated chain. 
Calculation of So(q) itself requires the different configura- 
tion of the polyethylene chain and their probabilities as 
may be seen in Flory.2 The molecular geometry is charac- 
terized by the bond lengths and angles and by the bond 
rotation angles. The bond lengths C-C and C-H are 1.53 
and 1.09 A, respectively, the angles C-C-C 112O and H- 
C-H 109°.2 The C-C bond angle cp has three preferred 
values, trans ( cp  = 0), gauche+ ( cp  = +120°), and gauche- 
( cp  = -120°), corresponding to the three minima in the con- 
figurational energy. A configuration may be represented by 
the ensemble {cp} = {e, . . . , cpE,  . . . , pn-l) of bond rotation 
angles where cpL is the rotation angle of the i t h  bond with 
respect to the (i - 1)th bond and n is the number of carbon 
atoms. 

If cy is the state of the (i - 1)th bond and fl  that of the ith 
bond, E o l ~ , r  represents the contribution to the total energy 
associated with the ith bond. For each energy E,, ,  there is 
an  associated statistical weight defined by 

uff8; == exp(-E,,, J R T )  (34) 

These statistical weights may be written in the form of a 
transfer matrix 

which includes first- and second-order interactions and 
where 

IJ = exp(-Em/RT) 

for polyethylene13 E ,  = 500 cal mol-’, E ,  = 0, and E,  = 
2200 cal mol-l, and the statistical weight of a chain com- 
posed of n bonds is 

i .2 

The probability Pip) that a given molecule will be found in 
the configuration {9) is the configurational partition func- 
tion 

where 

2 = c ‘bl 
iwl 

For each configuration the chain is represented by a suc- 
cession of CH2 groups with CH3 end groups and each atom 
in a group is considered separately. The determination of 
the position of each atom in each configuration [pi allows 
&(a) to be calculated from eq 20 and 2 

where ri;{cp) = ri{p) - r;{p) is the vector between atoms i 
and j of an isolated chain in the configuration {pi, (. . .) 
represents the average of all possible orientations of a chain 
configuration with respect to q, &I is a sum over all con- 
figurations each with probability P {  p) given by eq 36. 

We examine two cases. 
(a) An isotropic case where all orientations of a configu- 

ration relative to the vector q are equally probable. Making 
the orientational average (37) becomes 

(b) An anisotropic case, where for each configuration a 
direction defined by the first two chain segments is fixed 
relative to the vector q. We chose two particular orienta- 
tions which we defined in Figure l. 

(1) q :I. The q vector is parallel to the axis a joining the 
first and third carbon atoms. The orientational average in 
(37) must take account of all the positions into which the 
chain may rotate about the axis, The orientational average 
disappears and (37) becomes 

(2) q l .  The q vector is perpendicular to the defined ab- 
sciss axis. In this case it is necessary to average over all the 
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Figure 1. Representation of the first two segments r12 and r23 of 
the polymer chain. In the anisotropic scattering experiment the 
momentum transfer is successively taken as qll and q 1  
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Figure 2. Representation of the normalized structure function 
5 ( q )  = f (q) /S"(q) .  The numerical calculations indicate that 
~ ( q )  is not sensitive whereas f ( q )  is sensitive to the chain confor- 
mation. The weight fila measures the degree of disymmetry be- 
tween the labeled chain in the bulk state and its dual experiment. 
The first scale refers to deuterated chains in the hydrogenous ma- 
trix. The second refers to the reverse situation. 

different projections of ri; on q. If we define ri;l as the pro- 
jection of ri; in the plane perpendicular to the axis a, the 
orientational average in eq 37 becomes 

where Jo is a Bessel function. Equations 38 and 39 may be 
separated in the same way as eq 20 into three terms 
SHH(q), SHC(q), and Scc(q). 

11. Numerical Results 
For numerical application it is convenient to reduce the 

general problem to a particular experiment using the fol- 
lowing simplification. In order to test the transfer matrix 
which represents the short-range interactions, it  is suffi- 

1.0 

.8 

.6 

. 2  

1 2 

Figure 3. Scattering law SHH(q) in the isotropic scattering experi- 
ment by n-alkanes, for n = 5,6,8, 10,12, and 16. 

V I 1 I 

Figure 4. Representation of the function q2SHH(q) corresponding 
to the situation in Figure 2. 

cient to apply the computer simulation to the case of short 
chains. Thus we have used n-alkanes where n I 16. 

For such chains, the repeat unit is made of two different 
atomic species. Thus the structure function f ( q )  will appear 
in the scattered intensity S(q). The weight of this function 
depends on the method of labeling. We consider the case 
where the labeled chains are hydrogenous and the matrix 
deuterated. This commutes UD and UH in eq 21, 22, and 23. 
Then eq 22 and 23 contain the multiplicative term U D  - a c  
= 7 X cm; the corresponding term appearing in eq 21 
has the much larger value cm, thus heavily weighting 
the term Sll (q)  in the calculation of S(q). This effect is 
shown in Figure 2. The scattered intensity (eq 25) is rewrit- 
ten as 

1 2 q A-1 

s(q) = mS"(q) + Pfk) (40 ) 

In going from one labeling method to its opposite, the 
ratio /3/a is modified. Two ordinate scales are drawn in Fig- 
ure 2 showing the strong discrepencies of the ratios. Thus 
f ( q )  could be determined from successive measurements 
with both labeling methods. At  the present state of our in- 
vestigation, it is not clear what information is contained in 
the structure function f ( q ) .  However, the following points 
may be noticed: as expected, f ( q )  is neglectible in the range 
q < 1A-l; above this threshold the shape of the normalized 
function f ( q ) / S H H ( q )  is insensitive to conformation; the 
structure function f ( q )  is very sensitive to the conforma- 
tion. The numerical calculation indicates that it rises much 
more sharply in the case of a random conformation than in 
the rod conformation. 



Vol. 7, No. 5, September-October 1974 Neutron Diffraction Pattern by Polymer Chains 639 

Figure 5. Scattering law S”( ) in the anisotropic scattering ex- 
periment by n-alkanes for 9 = 9 (see Figure 1). 3; 

The case of the hydrogenous n-alkanes in a deuterated 
n-alkane matrix is of special interest since we can neglect 
the contribution of f ’(q). The scattered intensity is reduced 
to 

(41 ) 2 “ s(q) =: C q A %  - ac)  s (4)  

A fortran program has been written to calculate all the 
configurations {p] and their probabilities Pip] for each 
chain. For each configuration the positions of all the atoms 
were determined and applying eq 37 and 38 S(q) was calcu- 
lated. In fact it  is not necessary, for reasons of symmetry, to 
make these calculations for every configuration and we re- 
duced the calculation time by considering in the ensemble 
{VI classes of equivalence, comprising 1, 2, or 4 configura- 
tions which conserve the value of S(q). The results are di- 
vided into isotropic and anisotropic experiments. 

Figure 3 shows SIJH(q) plotted against q for n-alkane 
chains where n has the values 5 ,  6, 8, 10, and 16 and SHH 
has been evaluated isotropically. The narrowing of the law 
q region with increasing molecular weight is clearly seen. 
The numerical data obtained for SHH(q) using the 3 X 3 
transfer matrix [ U 4 ]  have been compared with these ob- 
tained using the more precise 5 X 5 matrix given by Flory.2 
No real difference between the two sets of data has been 
seen in this range of ( I  values. This result is consistent with 
another computer experiment2 in which only the long- 
range interactions have been observed. In Figure 4 the 
same calculated SH“(q) functions are plotted as q2S(q) 
against q. It  is interesting to note the minima which occur 
between 1 and 2 A-1 but have not before been predicted 
theoretically. 

Figures 5 and 6 show SHH(q) for the anisotropic case (a) 
q parallel and (b) q perpendicular. In each case n = 5 ,  6, 8, 
and 10. The difference between the two q directions is 
marked particularly in the low q region. Differences in the 
higher q region are more clearly visible in Figures 7 and 8 
where we show q2S(q). For q 1  in the region 1-3 A-l, the 
curves are very similaip to the isotropic case, but for q there 
are peaks which change position as the chain length in- 
creases. 

In order to watch the effect of the transfer matrix on the 
calculated S(q )  we chose two extreme examples. First, the 
three orientational probabilities of each segment relative to 
the preceding one are given equal weight, so that each ele- 
ment in the matrix is unity. This gives equal probability to 
every chain conformal ion, the so called Gaussian chain. In 
this case, three directional correlations are quickly lost as 
the chain molecular weight increases, and S(q 1 )  takes the 

1.0 p&. I 1 I 

1 2 

Figure 6. Scattering law SHH(q) in the anisotropic scattering ex- 
periment by n-alkanes for q = q1 (see Figure 1). 

Anisotropic case q // 

q 8-1 1 
1 2 

Figure 7. Representation of the functions q2SHH(q) corresponding 
to the situation described in’ Figure 5 .  

same form as for the isotropic scattering. The other exam- 
ple we chose allows only trans configurations: the transfer 
matrix is diagonal and unity. 

In the isotropic scattering experiment, the differences in- 
troduced in S(q)  by varying the transfer matrix are small. 
The change in probability of the various chain conforma- 
tions manifests itself mainly as a different mean value of 
R 2  and hence in a different form of the low q region. In 
Table I we list half-widths of this region and it is clear that 
these differences cannot be easily measured in an experi- 
mental situation. In the anisotropic scattering experiment 
the effects of varying the transfer matrix are clearly visible. 
The effects are summarized in Table I1 where we have list- 
ed the ratio of the momentum transfer half-width of S ( q ) ,  
for q 1 and q I;, for each of the three transfer matrices. The 
“Gaussian” chain should tend toward a symmetrical distri- 
bution in space for chains sufficiently long and in fact the 
tendency of q 112 1 q  112 11 toward unity may be seen even for 
these rather short chains. On the other hand a “trans” 
chain becomes more and more asymmetrical as it increases 
in length and q 1 / 2  l q  112 11 is a steadily increasing function 
of N .  It  is easy to see that initially the “real chain” lies be- 
tween these extremes but quickly tends toward the Gauss- 
ian as the chains become longer. In the higher q region 
peaks appear for q 1 1  which must be associated with correla- 
tions between atoms. For the “trans” chain the correlation 
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Figure 8. Representation of the functions q2SHH(q) corresponding 
to the situation in Figure 6. 

direction remains well defined as the chain lengthens and 
the peaks in S ( q )  become more and more frequent. 

111. Conclusion 
The incompressibility hypothesis applied to the bulk 

polymer material with labeled polymer chains leads to the 
scattering law equation (eq 25). This law shows that in the 
amorphous bulk state, the environment does not exert any 
long-range constraint on the polymer chain, which behaves 
as if it were a random coil. The scattering law (eq 25) is ap- 
plied to liquid n-alkanes. It indicates two types of experi- 
ments. 

(1) The measurement of the scattered intensity by la- 
beled chains in an anisotropic situation, such as in a flow, 
yields information on the transfer matrix or inversely on 
the degree of anisotropy. 

(2) The determination of the structure function f ( q )  can 
be made by comparing the scattered intensities from both 
the labeling methods. In our opinion, this measurement 
will provide new information about small range effects in 
polymer conformation. 

The numerical simulation did not show the Kratky- 
Porod effect14J5 as the momentum transfer increases be- 
yond l-l. It is perhaps relevant to note that in a neutron 
scattering experiment, the nuclei (which scatter the neu- 
tron radiation) are far from being continuously distributed 
along the chain.16 
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Appendix I 
In this appendix we detail the calculations of the terms 

Sll(q) and Slz(q) and SB(q). The labeled chain contains E = 
1, . . . , N atoms of deuterium and 1 = N + 1, . . . , N' carbon 
atoms. 

In this case relation 9 becomes 

and S11(q) is 

Table I 
Half-Width q112 of the Isotropic Scattering Law 

S(q) for Different Chain  Lengthsa 
N Trans Gaussian Real 

5 0 .585  0.615 0.605 
6 0 .550  
8 0.435 0.520 0.465 
10 0.365 0.470 0.405 
16 0.250 0.295 

a N is the number of monomers. The column "Trans" gives 
the half-width for a chain of which monomers are in a 
"trans" configuration with respect to their predecessors. 
The column "Gaussian" corresponds to  a transfer matrix 
with identical weight for each element. The matrix elements 
of the real chain are taken from ref 2. 

in this expression the indexes k and 1 correspond only to 
the deuterium atoms of labeled polymer. Using (17) we ob- 
tain 

It is convenient to take the following notations of which 
the physical meaning is given in the text 

N' N' 

(A-4) 

then (A-3) can be written 

the term Slz(q) takes into account the interactions between 
the deuterated chains and the others 

(A-9) 
These terms are given by 

hi hi8 
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Table I1 
Rat io  of Perpendicular to Parallel Half-Widths 

ql,tJ-/ql/211 in the Iisotropic Scattering Experiment 
as a Furiction of Cha in  Length  

N Trans Gaussian Real 
5 2 .4.2 1 .36  1 .73  
6 2.74 1 .32  1 .75  
8 3 ,214 1.20  1 .68  

10 3 .E;O 1 .16  1.50 

a N is the number of monomers. The column "Trans" gives 
the ratio ql,a-L/q,/zll for a chain of which monomers are in a 
trans configuration with respect to their predecessors. The 
column "Gaussian" refers to a transfer matrix with identical 
elements. The matrix elements of the real chain are taken 
from ref 2 .  

and S12(q) becomes 

where using (201, f (q )  is 

SB(q) is obtained in the same way 

(A-15) 
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ABSTRACT: Light-scattering and viscosity measurements were carried out on anionically prepared polystyrene 
samples in benzene-cyclohexane mixtures (good or medium solvents) of three different compositions at  30" and in 
a benzene (€i4%)-isopropy alcohol (36%) mixture (poor or theta solvent) a t  temperatures ranging from 23 to 40". 
For refractive index increment and scattering-intensity measurements, the test solutions were diluted conven- 
tionally, and also under the osmotic condition, following the procedure of Casassa and Eisenberg. This dialysis 
method gave fairly accurate values of the polymer molecular weight. The relationship, AzMz = Az,apM~,ap,  de- 
rived previously in the distribution-function theory was found to hold in benzene-cyclohexane mixtures with the 
small preferential adsorption coefficient A, but not in a benzene-isopropyl alcohol mixture with large A, where MZ 
is the polymer molecular weight, Az is its second virial coefficient, and M2,ap and A z , ~ ~  are the respective appar- 
ent quantities. In this connection, a thermodynamic discussion of the difference between AzMz and A z . ~ ~ M z , ~ ~  is 
given. For the present @-solvent system, A2 vanished at  25.5" (e), while A z , ~ ~  vanished a t  25.0" (eap). The ratio 
[ q ] ~ / & ~ ' ~  first increased with increasing MZ and then leveled off for Mz 2 7 X loJ for which A was nearly inde- 
pendent of lMz, where [ T I S  is the intrinsic viscosity at  the temperature. The solvent effect on [ q ] ~ / M 2 ~ / ~  and 
(S2)0/Mz was also observed, where (SZ)o is the unperturbed mean-square radius of the polymer. The two-parame- 
ter theory of the excluded-volume effect was found to work well in the range of Mz for which [ q ] e / M ~ ~ / ~  was inde- 
pendent of M 2 .  This also implies that  the method proposed previously for the determination of (Sz) is valid. 

There have been i2 number of theoretical and experi- 
mental investigations of light scattering from solutions of 
polymers in mixed solvents, following the pioneering con- 
tributions of Ewart et u L . , ~  Kirkwood and Goldberg,2 and 
Stockmayer.3 Three important aspects may be deduced 
from these investigations: (1) thermodynamic study of 
preferential adsorption or interactions between polymer 
and solvent molecules;l~4-10 (2) establishment of the 
light-scattering method of determining molecular weights, 
second virial coefficients, and mean-square radii of poly- 
mers in mixed solvents;11-16 and (3) study of the validity 
of the two-parameter scheme in polymer-mixed-solvent 
s y s t e m ~ . l ~ 2 ~ 8  The present paper is mainly concerned with 
the second and third tlopics. 

In a previous paper on the distribution-function theory 
of light scattering in multicomponent systems,l6 it has 
been shown that the true second virial coefficient and 
mean-square radius may be determined in mixed solvents 
by the conventional method of Debyelg and ZimmZo 
under the condition 

0.8 C Mz,ap'Y'/M2 < 1.2 (1) 
where M2 is the molecular weight of the polymer and 
M z , ~ ~ ' Y )  is its apparent molecular weight defined by 
Yarnakawa.'G We must note that eq 1 has been derived as 
a sufficient condition but not as a necessary condition. In 
fact, this condition is very severe, as will be seen, and the 
light-scattering procedure we proposed16 is expected to be 


